Using Placker Line Coordinates

The practical difficulty encountered with line coordinates in space is that given such a set it is not intuitively
easy to see whether a point lies on the line, or a plane contains it, or where it intersects a given plane. How
does one define a variable point or plane on the line? Solutions for these problems will be given here. Even
plane coordinates are less than obvious, so we start with them.

We use I to denote the plane at infinity, and W=x,+x,+x,"=0=x; to denote the absolute conic in I".

Plane Coordinates

Consider a plane {u v w k}: it intersects the x-axis in a point {x 0 0 1} so we have ux+k=0 i.e. the plane
intersects the x-axis at x=-k/u. Similarly for the other axes:
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which enables the plane to be visualised from its coordinates.

Note that the plane (u v w 0) lies in the origin.
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If three coordinates of a point are known, say X, X; and X», then the point lies on a line through a vertex of
the invariant tetrahedron. In this example the ratio between x, and x; determines a plane such as the red
plane OZA, so that varying the other two coordinates gives points in that plane. The ratio between x, and x,
determines a plane such as the blue one, OYB. Thus the point lies on the line p where those planes

intersect.
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Dually if three coordinates of a plane are known, say uo u; and w, then the ratio of u, to u; determines a
point such as A on the line XY, and that of u, to u, a point B on XZ. Varying u; gives an axial pencil in the
line p=AB.
Plicker coordinates
These are defined initially in terms of the coordinates of two points X={X, X; x> X3} and Y={yo y1 y> y3} by

P={Xoy1-X1Y0,X0y2-X2Yo,XoY3-X3Y0,X1y2-X2 Y1, X3Y1 - X1y3, X2y3 - X3¥2 } (A)
which are expressed as pik = { pPoi Po2 Po3 P12 P31 P23 ;. Any other two points on the line XY are

{ XotAyo XiTAy1 Xo+Ay2 X5tAys } and { xotyo Xty Xoty2 XsHUys |
and for these points we have

Por = (XotAYo)(XiHHy1) - (XiTAy)(XotHyo) = (Xoyi - X1 Yo)(A+H)

and similarly for the other pix so that the common factor (A+) may be cancelled as we are using
homogeneous coordinates, leaving us with (A) i.e. the ratios of the pj are the same no matter which two
points X Y are chosen on the line. Hence the numbers pj may be thought of as coordinates of the line

independently of any particular points. We cannot choose any six numbers for the pj, and the Plucker
condition for them to represent a line is

poip23 + po2psi + pospiz =0 (B)
which is readily verified to be satisfied by (A).

Suppose two lines have the point X in common, and let one join X and Y and the other X and Z. Then the
lines are



Pik={Xoy1-Xi1Yo,XoY2-X2Yo,XoY3-X3Y0,X1¥2-X2Y1,X3Y1 - X1Y3,X2Y3-X3Y2 }
and
Qik = { X0Z1 - X1Z0, X0Z2 - X2Z0 , X0Z3 - X320 , X1Z2 - X2Z1 , X3Z1 - X1Z3 , X2Z3 - X372 }

and we find that

Po1q23tpo2qzitposqiztpi2qostPsiqoztp23qor = 0 (©)
which is often denoted by

Q,=0 (Cl)

which is the Plucker condition for two lines to intersect.

Special Lines

The coordinate lines joining the points X={1 00 0}, Y={0010},Z={0 100} and O={00 0 1} are

XO0={001000} Pos because the only non-zero coords are X, and 03
YO={000001}
Z0={000010}
XY={010000}
XZ={100000}
YZ={000100}

If pjc intersects such an edge g of the tetrahedron then only one of the gjx is non-zero, so one of the pj is
zero to satisfy (C). It will be the "polar" coordinate e.g. for the x-axis qo;=1 so pi.=0.

Thus {poi po2 0 pi2 p31 p23} meets XO. Similarly for the other sides.

If pj« lies in a plane of the tetrahedron then it possesses three zeros:

in XYZ: {po1 po2 0 p12 0 0} satisfies (C) for XY, XZ and YZ
in XZO: {Po10 pos 0 p31 0} satisfies (C) for XZ, XO and ZO

in XYO: {0 poz2 pos 0 0 p23} satisfies (C) for XY, XO and YO
in YZO: {0 0 0 p12 p31 p23} satisfies (C) for ZO, YO and YZ

If the line meets a vertex then it also possesses three zeros:

in O: {0 0 pos 0 ps1 p23} satisfies (C) for XO, YO and ZO
in X: {po1 poz po3 0 0 0} satisfies (C) for XZ, XY and XO
mnY: {0 po2 0 p12 0 pa3} satisfies (C) for YO, XY and YZ
inZ: {po1 0 0 p12 p31 0} satisfies (C) for XZ, ZO and YZ

With four zeros it meets a vertex and lies in one of the adjacent sides. Note that of the 15 combinations of
two ones amongst six coordinates, three do not satisfy (B). Similarly in the above cases.



This is summed up in the following diagram:
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The x-axis OX is the line joining vertices 3 and 0. This line has all coordinates zero except pos. Similarly
the y-axis OY has all coordinates zero except pos, etc..

The line in a plane has those coordinates zero which contain the number of the opposite vertex.

The line meeting a vertex has those coordinates non-zero which contain the number for that vertex.

The line meeting an edge has one coordinate zero given by the numbers of the opposite (skew) edge.

Intersection of a Line with the Plane at Infinity
The line joining the points A={a b c 0} in the plane at infinity and E={e f g h} is by (A)
{ be-af, ce-ag, -ah, cf-bg, bh, -ch }
so since {a b ¢ 0}={ah bh ch 0} for homogeneous coordinates, we have
A = {-pos ps1 -ps 0} (D)

Thus varying poi, po2, P12 gives lines in A i.e. parallel lines. Note that only two of poi, po2, pi2 may be chosen
freely as the third is then determined by (B), so that there are «o* such parallel lines.

Intersection of a Line with a general Plane

Suppose the plane is U=uy; and a variable point X=x; is on the line pj , joined to the point at infinity Y=y; on
pik, then we seek X in U. Using (A), pix={Xoyi-X1Yo, Xoy2-X2Y0, X0Y3-X3Y0, . }={Po1, Po2, Po3 ..} and noting that
Y= {-pos p31 -p23 0} from (D) we have

_XoY1iTPo _Poi—Xo P53
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Now for X to lie in U we have Zx;u=0 i.e.



- Po1™ %o P31 "+ Xo Pt P 1, =0
Pos Pos

giving
Dot Pyt Pt N

__Puth 02Uy T Pozls =2 say (H)
—Postot Py =Pty D

Xo
Substituting in (E) (F) and (G) we then get

N Po N P3 &@.,.pﬁ
D " py D py D py o py

using (B) in the simplification. Thus expanding N and D we have

X={ Doty t Pyt Pz,
Pty TP Uy =Py Uy
TPl Pt +Pyls,
—PosUoT P Uy~ Pl }
or in matrix form

0 Poi Po> Poz || U

— 0 — u
x=| " Po Pz D3 || Uy )
Py T Pn 0 Py || U,

I_Pos Psi T Px 0 Us

For the plane at infinity {0 0 0 1} we recover (D), albeit with the signs reversed. We deduce the intercepts
with the coordinate planes:

XYO plane  {poi 0 -pi2 p31} )
XZO plane  {po2 p12 0 -p23}

YZO plane {0 -poi -po2 -pos}

infinite plane {po; -ps1 p2s 0}

(I) reveals an interesting relationship between a line and a null polarity, for X is the pole of U wrt the null-
polarity matrix defined by pj. The line is the axis of the associated special linear complex. For every plane
it yields the polar point, identical of course with the point of intersection of the axis and the plane.

Another way of expressing this beautiful relationship is that a line meets a plane in the point polar to that
plane wrt the null polarity with the line as axis.



Skew-Orthogonal Lines

If pi and g« are skew-orthogonal then they meet the plane at infinity [ in conjugate points, i.e. {pos -ps1 p2s3}
and {qos -q31 23} in [ are conjugate wrt the absolute conic W=x¢+x,*+x,’=0=x;. Now the point y; in [ is
conjugate to x; wrt W if x¢yotx1y1+x2y,=0 from the equation for W, so {pos -ps1 p2s} and {qos -qs1 q23} are
conjugate if

Po3qostpsiqzitp2sdes =0 (K)

which is the condition for pj. and gj to be skew-orthogonal.

A Variable Point on a Line

If x; is a variable point on the line pj then as the line joins the points {pos -ps1 p2; 0} and {0 -po1 -po2 -pos} we
have

Xj = {Apos , -Ap31-Mpor , Apas-Mpoz , -Hpos} M)

The problem with this is that it does not include p...
This fails if all but p;, are zero, in which case the line is YZ at infinity and x;= {0 A 1 0}.
An alternative form if pos is not zero is obtained by joining {po: 0 -pi> ps1} and {po> pi2 0 -pas}:

Xj = {ApoitHpoz , P12 , -Api2 , Apsi-Mpas}

Orthogonal Plane and Line

A plane u; meets [ in the line {u, u; u,} while a line pjc meets [ in the point {-po; ps1 -p2s} by (D). Thus the
two are orthogonal if

PosUo-p3iuitpasus = 0 (MM)



Dual View

Two planes u; v; intersect in a line, and we may form the similar quantities as (A), say Ty in plane
coordinates, and the line condition then follows as before. If we take the plane ujand '={0 0 0 1} then

T[jk={0 0uo 0 -uy U.z}
whereas if we take two points {Xo x; X» 0} and {yo y1 y» 0} in [ and on this line, the pj are
pjk:{XOYI'XIYO X0Y2-X2Yo 0 X1Y2-X2Y1 0 0}

so the T are not the same as the pj. Now take the planes {1 0 0 0} and {0 1 0 0}: the only surviving term is
Mo If x lies in both these planes then x;{={0 0 x, x5}, and if v; also lies in them then v;={0 0 v, v3}. The line
joining these points is p={0 0 0 0 0 p»s}. Repeating for the other five special cases we find that g is
"polar" to pj giving us

Tloy : Tloz = Tloz © Thz 2 Tlar & Thos = P23 2 P31 - Prz2 : Pos - Poz - Poi O)

In order to use all our previous results, we must make this reversal. However the dual results also now
follow.

By symmetry (B) and (C) apply to the plane based coordinates without the need for (O).
We now state the significant duals where the T have been reversed into pj according to (O)

Dual to (I) we have the plane determined by a line and a point as
0 P2 P P2 || *o
— 0 — X
U= ng p03 p02 1 (P)
—Py Py O

—Pin P T Po 0 X3

Thus the plane in the origin and the line is {pi2 -po> po1 0}. (P1)
Dual to (M) we have a variable plane in a line:

uj = {Ap12 , -Apo-Hp2s , Apoi-Upsi , -Mpi2} Q)

If all the pj but pes are zero then the plane is { A 0 0 W}.
The inner product of (M) and (Q) is zero, verifying the point and plane are incident.



Projection of a Line into the Plane at Infinity

If a line pj is projected from the origin into [={0 0 0 1} by means of the plane (P1) then that plane
{p12 -po2 po1 0} meets [ in the line T={0 0 p1> 0 po> po1}. The polar to T using (O) is qx={po1 pe2 0 p120 0}.
This is correctly the join of two points u; and v; in [ with u;=v;=0. Now the two-dimensional coordinates of
the line joining u; and vj are {u;v>-u,vy , WaVo-UeVa , UoVi-UiVo} = {p12 -poz po1}. Hence the line in the plane at
infinity into which pji is projected from the origin is

{P12 -poz Por } (S)
Conversely a line {u v w} in [ has the Plucker coordinates qi above:

{w-vOuo0O0} (T)
Projection of a Point into the Plane at Infinity

As a check, the line through the point x; and the origin is px={0 0 X¢ 0 -X; X»}.
Using (D) this meets [ in {-po; ps1 -p23 0}={xXo X1 x> 0} as expected.

Point of Intersection of two Lines

To find the point of intersection of pjx and gk we choose a point x; not on either line nor in their common
plane, so that the plane common to pj and x; is

0 P P31 P || %o

u =| P 0 Pos  TPo||ti| = py , say

’ “P3y TPy 0 Do || %2
—Pi2 P ~—Pu 0 X3

Then the required point of intersection y; of the lines is that of qj and u; which using (1) is

0 o 902 Y903 ||Uo
—qo 0 9 || =Qu
~dp —4q, 0 dy || U2
T dn Tdxn 0 ||u;

This assumes the lines do in fact intersect; if necessary use (C) to test that first.
Hence

0 91 902 903 0 Py Py P || *o
—qq 0 4 ~4u||=Pn O Doz —Pox|| X1
4y 9, O 9y || TP ~Pos 0 Por || X2
~qos 49u —4» 0 ||=Pn Pn —Pu 0 ||x

)

Now y; is independent of x; provided X; is not in the plane v; determined by pjx and gj., so we need to select x;
accordingly. As a trial we choose the unit point {1,1,1,1} which ensures that all coordinates of pj and q
are included (which is important as a line could have only one non-zero coordinate) giving:



901 90 903 PutDytPn
-q q —-q —DPyutPi—P
y,= 01 12 31 B TP~ P V)
4o “Y412 4y || P31~ Pyt Py
._%3 431 —d4xn “_1912"'p02_pmI

If {1,1,1,1} lies in v; then some other point with four non-zero coordinates must be tried. The most elegant
and safest approach is to find their common plane using (W) below, which cannot be {1,1,1,1}, and treat the
result as a point which then cannot lie in that plane.

Athough this is not as simple as could be achieved using (M), it has the virtue that all possible lines are
covered without exception, as all possible products pixqm are present. Thus it is guaranteed to work e.g. in a
computer program. For example, the special lines {10000 0} and {0 1 00 0 0} meet in

0 1 0| [1
-1 0 1|0
0 0| |0
ollo| [0

which is correct.

Dually, the plane common to two lines is

o Ty Tz || Mozt Hy
u =| Mo T, ~T || “HaTHE = He
! Ty T, T3 || M3 ~Hoes T Hg,
Ty T 7Ty ll_U12+Uoz_“01l
. N . (W)
42 q3 di2 || PortPoxt Pos
_| 792 dos  —Yo2 || “PoT P27 Pa
45 40 Go1 || TP~ P12t P
792 92 4o .._p03+p31_p23.

If the plane {1,1,1,1} lies in their common point then some other plane with four non-zero coordinates must
be tried. The most elegant and safest approach is to find their common point using (V), which cannot be
{1,1,1,1}, and treat the result as a plane which then cannot contain that point.



Condition for a Point to lie on a Line

If x; lies on pjx then the plane U in (P) is singular i.e.

0 P2 P3i P12 || %o
—Pa 0 Pos  —Pul|X: —0

Py T Pos 0 Poy || X2 B ™)
P2 P TPo 0 11753,
noting that the matrix has a zero determinant in view of (B), so that X=x; is not trivially zero.
Condition for a Plane to contain a Line
If u; contains pj then the point X in (I) is singular i.e.
. 0 Poi P Pos | .uol
—Po 0 P —Pu||ti_ (R)

—Pyp “Pp 0 Py || U,
—Pys Pz T Pxp 0 Us

A Pencil of Lines

If we are given two intersecting lines then the pencil is py=Arj+Hsi. This follows because from (B) we
have

0=(Aro1HMS01)(Ar2sts2s)H(ArextHse2)(ArsiHUss 1) H(ArosHses)(Ariz+Hsi2)
= AX(roir23+ Toal31tTosr12) (801825 S028317803812)FA(To1823 028311038 1211280331802 T23801 )

which is true by (B) and (C).

In Appendix A it is shown that the flat pencil centred on x; in the plane u; is
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where A =Xxouo,

B =utuytus,

C=x1tx21x3.
There is a pencil of planes u;in {1 1 1 0 0 0} for which (X) is degenerate, and for the line of points x; on
{000111}.



The Regulus

Given three skew lines pj qi Tjx then there are o' instances of Apu+qit+Vrix which are lines, giving a

regulus. This follows as (B) must be satisfied for a line, so
(Apo1tHqoitVrer ) (Ap23tdqestVras ) HApoatgoatVre ) (Apsi+ s +Vrs ) H(Apos+qos V103 )(Ap 12 q12+Vr12)=0

Using (C1) the terms in A%, 4* and V* are Q,,, Qqq and Q. which are all zero by (B).
We are left with AuQ,q AvQ,, and pvQqr which are not zero since the lines are skew, so the Plucker line
condition is satisfied if

AUQyq + AVQ, + pvQer =0 (2)

for which there are o' distinct solutions for suitable values of A 4 and v. Clearly pi belongs to this set of
lines when W and v are zero, and similarly for qi and ri. From (I) the lines of AputHgitvri meet an
arbitrary plane u; in points with coordinates which are linear combinations of A [ and v, which describe a
conic since (Z) is second order in A L and v. Hence we have a regulus of lines containing py gy and ri.

Another approach is to consider the lines sy which meet all three of pjx gi and 1. From (C) we have

i 1
S93
S31
Poi P Pozs P2 P31 Px
R
o1 900 4903 4912 931 4923
S03
Foo Toe Tos FTio T3 TIp
So2
Soi
] 1

so partitioning the matrices as usual to solve the simultaneous homogeneous equations we have

P o] =0
S 03
SO

_ -1
83— —P Qs(os

and thus the three coordinates soi, sp> and sg3 of sy act as parameters for the other three. Two further
constraints on sy are the line condition (B) and that they are homogeneous coordinates, leaving one degree
of freedom and thus o' solutions for sy. They are not coplanar since pj gjx and ri are skew so they form a
regulus with pj gjx and rj as directrices. This is the complementary regulus to that determined by (Z).



Transversals of Four Lines

Given four lines aj b cix dix which are pairwise skew then in general there are two lines pi gix that intersect
all four. This follows as aj bjc cjx determine a regulus R, and dj meets it in at most two points through
which pass two directrices of R meeting all four lines. From (C) the condition for such a transversal is

Py

Ay Ay Aoz dp Ay dyf| P

1 p23l
We partition this into
A B||P|=0
q
SO
p=—A"'Bq

where A is a non-singular 4x4 matrix obtained by permuting rows and columns if necessary, B is the
remaining 2x4 matrix, and p and ¢ are derived accordingly. Thus the four components of pj in p are
determined by its two residual components in ¢g. Assuming g={ps: p»;} we see that to satisfy (B) requires
Poip23tpoipsitpospi=0, and since the four components apart from p;; and p»3 are linear functions of the latter
we have a quadratic equation in psi/p.s giving at most two real solutions.



Line at Infinity in a Plane

Given a plane {up u; u, us}, the coordinates of the line in which it meets the plane at infinity ' = {00 0 1}
are T={0 0 uo 0 -u; u,} for the intersection of two planes, so by (O) the point-based coordinates of the line
are {u, -u; 0 up 0 0}.

Line at Infinity Conjugate to a given Line

Given a line pj, then by (J) the point a; at infinity on the line is {po; -ps31 p2s 0}. The plane polar to a; wrt W
is given by Opax i.e. {ao ai a» 0}={pos -ps1 p23 0}. This meets I in the line ME={0 0 pos 0 ps1 p23} which by (O)
is, for point coordinates, qx={p2; p31 0 pos 0 0}. This is the line in [ conjugate to a;.

Line of Intercept of a Plane with an invariant plane

By (A) a plane {a b ¢ d} meets the invariant plane o={1 0 0 0} in the line n={b ¢ d 0 0 0}, or
p={000dcb}. The point {I 1 1 1} does not lie in a, and if also it does not lie in {a b ¢ d} then by (V) p
meets the invariant line {0 0 0 1 0 0} in a in the point

0 O Of|lb+c+d 0
0 1 0 -b |_|-c
0 —1 ol —c¢ | | b
0O 0 O —d 0

and {000010} inain . .

0 0 O ||b+c+d 0
0 0 —1 -b |_| d
0 0 0 — |10
.0 1 O i —d ] .—b.

In the plane o the coordinates of these intercepts are {-c b 0} and {d 0 -b} giving the planar equation of the
line joining them as {-b* -bc -bd} = {b ¢ d} assuming b#0. If b=0 then using {0 0 0 0 0 1} instead of
{00001 0} we require c#0 i.e. we can choose so that the term cancelled #0, so the proviso is not needed.

Thus the plane {a b ¢ d} meets the plane {1 0 0 0} in the line {bcd 000} ={b c d}.

{abcd} meets B={0100} in i={a00-cd 0} orp={0d-c00a}. pmeets the invariant line {0 1 00 0 0}
in B in

0 0 O||l—a—c—d|_| 0
-1 0 0 c | -a
0O 0 O d 0
and the line {00000 1} in .

0O 0 O a 0
0 0 O||—a—c—d|_| 0
0 0 1 c | d
00 -1 | d | =]

so in B the points are {c -a 0} and {0 d -c} giving the line {ac ¢* cd} = {a ¢ d} (provided c#0).
Similarly for the plane {0 010} we get n=={0a0b0-d} ={abd}



and for the plane {000 1},1={00a0-bc} ={abc}.
To summarise, the plane {a b ¢ d} meets the invariant planes in the lines

{1000} inn={bcd000} ={bcd} in line coordinates referred to the invariant plane,
{0100} inn={a00-cd0} ={acd} (AA)
{0010} inn={0a0b0-d} ={abd}

and {0001} inn={00a0-bc}={abc}.

Perpendicular Projection of a Point onto a Plane

Let the plane be U=u; and the point be X=x;. U intercepts [ = {0 0 0 1} in the line sp={u, -u; 0 uy 0 0} =
{up u; Uz} in plane coordinates by (AA). Let the point Q=g; in [ be conjugate to s;c wrt the absolute circle W.
The plane polar to Q wrt W is given by dyqx i.e. {qo qi g2 0}, which intersects [ in {q> -¢; 0 go 0 0} i.e. g=u;
so that the point in [ polar to the line where m meets it is simply Q={u, u; u, 0}. The line joining this to X is

Pik={UoX1 - U1Xo, UoX2 - UsXo, UeX3, UiXz - WX), - WiX3, X3} Which by (I) intersects U in the point

0 Ug X —U Xy UgXy— Uy Xy UgX3—Uz X, || Uy
Uy Xo—UyX, 0 Uy Xy—U, X U X3~ U X, || U,
Uy Xg—Uy X, UyX —U X, 0 Uy X, —Uy X, || U,
Uy Xg—UygXy UX;—U X3 Uz Xy— U, X, 0 U,
] i

P+ iy 2

u()ul xl ul x() MOMZXZ M2X0 u0u3x3 u3x0
2 2 2

UgU X o= Uy X U Uy Xy — Uy X FU Uy X3 — UL X,

2 2y 2
UgUy XoT U Xy TU Uy Xy T Uy Xy TUH U3 X3 U3 X,

it I )
UgUs Xog T UG X3 TU U3 Xy T UG X3 T U, U3 X, — Uy X3

which may be expressed as

‘{uoXo_xoUo’ w, Xy—x Uy, u, X,—x,U,, u3X3—x3U3J (A%)
where
X =2Zu;x; — u;x;

. J
5,2 2
U;=Zu; — u;



Distance Between a Point and a Plane

Let the plane be n={a b ¢ d}. As above the pole of the line where t meets = {0 0 0 1} is Q={a b ¢ 0}.
Now lines through Q are perpendicular to m, and thus the line though a point P={x y z 1} normal to = is the
join of Q and P = {ay-bx,az-cx,a,bz-yc,-b,c}. By (I) this meets 7 in

0 ay—bx az—cx al|la bay—b’ x+caz—c’x+ad
y= bx—ay 0 bz—yc bi|b|_ abx—a’ y+cbz— yc’+bd
cx—az yc—bz 0 cllc acx—a’z+byc—b’z+cd

—a —b —c 0}|d —a’—b* =

Let A = n.P = ax+by+cz+d. Then

a
.a(by+cz+d]—b2x—c2xl la(k—ax}—bzx—czx. ah—d*+b*+cx ) SK
y= blax+cz+d|—a’ y—c’y _ bln—byl—a’y—c’y _ b)\—(a2+b2+c2)y _ y—gk
clax+by+d|—a’z—b*z| |cih—cz|—a’z—b’z ck—(a2+b2+czjz .
. —d—b-c |1 —a’'—b'—¢’ . —a’—b*=c? Z_;x
' I
1 1

where s=a*+b*+c?.

The perpendicular distance between P and =« is

|

2

2+ . 2:\/(a2+b2+c2)7\2:‘ 'y

x—dn—x y—ék—y z—Sh—2
s s s

Thus
ax+by+cz+d

2 2 2
va +b +c

which is the standard result but for homogeneous coordinates.

Perpendicular distance =

Distance Between a Point and a Line

Let the line be pj and the point be X=x;c . Then the plane U=u; common to them is given by (P):

0 P P P || X0 Py X1t Py Xot Py

U=|"Px» 0 Pz “Po||Xi|=| TPunXFtPoX2T Py

“Psi T Pos 0 Por || *2 TPy X T Pos Xt Do,
P P TPoa 0 | 1 | I_Plzxo"'P()le_P()lxzI

This meets [={0 0 0 1} in the line qu={uo u; u>} and the point zy in [ conjugate to g is {uo u; u»}. Thus the
plane © common to zj and pj is orthogonal to U, which by (P) is



0 Pas P P P X ¥ Py Xy Py
—Py 0 Pz —Po|| " PuXetPuX™ Py
Py TP 0 Poi || T PuXo" PosX+ Py
P P ~TPou 0 0

2 2
TP XoFt Py Pos Xy~ Pos Poa — Py Xo ~ P31 Pz X1 ¥ P31 Py
2 2
_ “PuXi T P3P X2 Po3 Pio” Ps P31 X0~ Pos X1t Pz Pou
2 2
P31 P X1 TP X, P3i Piat Pz Pos Xo— Pz Xot Pos Pon

2 2 2
“PuPuXiT PuPuXaT P P PuXot PoPuXa Pt PouPuiXot PaPosXi—Po
] |

giving the perpendicular distance from X to w, and therefore to pj, as

Ty Xo+TT X1+ 7T, X, + 705

2 2 2
AL o B

where 73 = (p01p31-p02p32)X0 + (p01po3-p12pz3)X1 + (pozpoa-pnpm)xz - pm2 - poz2 - plz2
and

assuming xs;=1 (B*)

= _(P§3+p321 J X0~ P31 Pos X1t Pz PosXa— Pz Poat P31 Por

_ 2 2
J'El——p03p31xo—(p23+p03)x1—p23 P31 X~ P Piat Pos Por
=P P23 xo—p31p23x1—( p321+p53Jx2_P31 Pt Pos P

Note that the numerator moXo+m X, +m:x,+m; simplifies to

2 2 2
- stxo_pmxz) _[p31xo+po3x1) =Py X1+ P3y X,

+2X0{p31p01—p23p02J

+2x1{po3po1_p23p12)

+2x2(p03p02—p31p12]

_sz_Péz_pgl

but for practical calculations it is easiest to evaluate the m individually as they are needed in the
denominator.

Angle Between a line and a Plane

Let the plane be u; and the line be pj. Their point of intersection V=v; is given by (I), and the perpendicular
distance d from a point X=x; on pj is given by (B*). The points on pj are given by (M) enabling a suitable
point X to be chosen. Then the angle is given by d and the length VX. Thus

sin @ =—— d
\/2 v=x)f

An alternative approach is to find the plane n; in pj that intersects u; in a line orthogonal to pj, and then find

the angle between those planes. The plane u; meets [ in the line m={u, u; u, 0} (c.f. (AA)) while p; meets it

in the point G=gi={-pos ps1 -p23} (c.f. (D)). The planes n; and u; intersect in a line gjc orthogonal to pj.. Thus

by (K) po:qostpaiqsitpasqes = 0. Now pi = {uns-uzny, ...}, SO pos(Uinz-tzni )+psi(Uonz-Uzne)+pas(Uen;-uime)=0



1.e. 0={-p31W-pa3tls, P23Uo-Posllz, PosUiTPsito}.{No n; N2} =) win; say where w; is a point lying in n;. Also pj lies
in n; and thus by (I) -pesnotpsini-psn.=0=) n;g;. Let z; be the point in [ polar to G lying in m; and n;, then
> zigi=0 and > zm;=0. Also > zn=0. Thus for z:

Zy
8o &1 &2 z, =0
m, m; m,
)
o &il|Z0|___ |8
my my ||z, m,
1.e.
2o |= z, my =& 8=, |ME17ME,
Zy —my gy ||, myg,— M, &,
which solves z; as ratios are sufficient. For n;
ny
g &1 & n,|=0
z, z, zZ
0o 41 %
n,
8o &1||Mo|_ &>
Zy I M Zy
1.e.
L 21 TE82|=, | 8152 825
2 2
n, —Zy &o ||%2 82207 802

solves for n; with z; now known. Thus

glzz_gzzz(mogz_ngo]

gZZZ(WZZgl_mng)_gOZZ

gl_gz(mogz_ngo)
2
gz(ngl_nﬁgzj_go

ny | _ _

n

so setting n,z,=1 this gives us n;, and substituting p;; for the g; and u; for the m; gives

_ 2
No= P31~ PasUo™ P23 Pos Uy

. 2
Ny = Po3— Prslly— Pr3 P31 Uy
n,=1

A question remains as to whether n, can be zero. If it is then ny=n;=0 also and the plane is {0 0 0 1} i.e. the
plane at infinity. Since nj contains pjc that would require the line to be at infinity, a special case for which
there is no valid angle.

In three dimensions the required plane is {no n; n, 1}. Finally the angle between the planes u; and n; is

. Uyngtu,n,+tu,n,
cosf=

(C%)

2 2 2\ 2 2 2)
\/(u0+ul+u2)(n0+nl+n2J

which is the required angle between the line and plane. This assumes the line does not lie in the plane, and
fails if so, so that must be checked first using (I). Neither must it lie in the plane at infinity. Thus we have a



practically useful result after some manipulation which is simpler and more transparent than the first
method.

Check: for the line OX={0 0 1 0 0 0} and the plane OZY={1 00 0}: nj= {0 1 1} so cosf=0 i.e. 6=90° which
is correct. For OXY = {0 1 0 0} and OX, cos0=1/72 i.e. 6=45° which is wrong as expected.

The Line through a Point in a given Direction

Let the point be X=x; in the direction v; = {v, vi v»}. The latter intersects [ in I={v, v| v, 0} so the required
line is
{Xon-XlVo, XoV2-X2Vo, -X3Vo, X1V2-X2V], X3V, - X3V2}

Angle between two Intersecting Lines

Let the lines be pi and qx. They meet [ in (pos -ps1 p23 0) and (qos -qs1 q23 0) respectively, so their directions
are given by the free vectors (pos -ps1 p23) and (qos -qs1 qz3). The angle between them is given by their inner
product, so the angle is

Pos903t P31931F P23l
\/(P(2)3+p§1+l7§3)(C]éﬁ'qgl‘*q;J

B=acos

The Axis of a Null Polarity

Given a null polarity nji (where nj=0 and njy=-ny) the pole of the plane at infinity {0 0 0 1} is D=ny; i.e. the
last column of ny. The diameters contain this point. The polar line Q of D in [ is q={nep; n;3 nx}, so a
general plane in that line is uj={nos; ni3 no3 us}. The pole of such a plane wrt nj is zz=Xnju; and thus the axis
of njx is the join of D and zy i.e. px=ujzi-Ukz; = UZngUs - UkXngUs



Ros n01n03+”21n23+n31”3) 1y ”10”13+”20”23+”30”3

( (
”03[”02”03"'”12”13"'”32”3) ”23(”10”13"'”20”23"'”30 Us
”03[”03”03"'”13”13"'”23”23) (

|

)
NNzt nyy+nsu 3)
”13(”02”03"'”12”13"’”32”3] N3\ Ny Ny F 1y Nyt g U 3)

)

”3(”01 Ry H 1y Ny 1y, ”3) ”13‘”03”03"'"13”13"'”23”23

Nys (”m n03+n13n13+n23n23)—u3 Z,

2 2

Moy ”03"'”31) ”23(’703”12"'"02”31)
2 2

Mo, ”o3+nz3) ”31[”03”12"'”01”23)

2
_| "3 n03+n31+n23) Uz z

2 2 +

My |y 71y, ”03(”01”23 n02n31)

Taking the plane in the origin with us=0 this gives py=Snji - Q. {n23 n3 0 nes 0 0} defining S and Q,
accordingly. If nj satisfies (B) and thus represents a line then Q, =0 glvmg pik = ni as S may be cancelled
provided it is not zero. If S is zero then pj is singular as the null-polarity is two-dimensional. Thus for a
proper null polarity the axis is given by

S{nm N2 N3 N2 -N13 nzs}- Qn{ﬂ23 -ny3 0 ng3 0 0} (ANP)
or {no1 Np2 N3 N2 -Ny3 N3} 1f Q=0
where
S = ngs*+ns 2+’
and

Q, = NNz tnens +nesng,

Note that when €, # 0, S should not be omitted e.g. for the null polarity

0 d 0 0
—d 0 0 0
0 0 0 f
0 0 —f 0

we have £{d0000 f}-fd{f00000} ={0000 0 f} i.e. the YO axis (as Y is taken as {0 0 1 0} here).

The polar line of a given line wrt the null polarity is the intersection of the polar planes of two of its points.



Jessop (page 29) shows that in Klein coordinates the polar of a line z; wrt a linear complex is zj+Aa; where a;
are the coordinates of the complex and A=-2(az)/(a?).

This transforms back to Pluecker coordinates as qu=pj+Aajx, where for evaluating A we have
(az)={a01z23+a02z31 203212 +a12Z03 231 Z0 23201 } =, in Pluecker coordinates,

and (a?)=-2 {agax+apasztanan } =-Qu=-2Q,, so A=-2Q,,/Q,, Thus in our notation

PQik= Qunpik-2 N (PNP)

Thus the axis, when it belongs to the complex (2,,=0), is polar to itself (definition of a null line) while
otherwise it is Jik ={(S+k)n01+an23, (S+7»)n02+an31, (S+k)n03, (S+k)n12+ano3, -(S+k)n13, (S‘H\)HB}.

Now Qm = 2{11011’123"‘1’1021’131"‘110311]2} = 2Qn and

Qqn = Qun(ST)HQu(n37 123>+ 005%) = QunS-2Q0tSQun/2 50 Qg = SQun/2

and finally A = -2Qq/Qu, = -S.

Thus the polar line g of the axis is {nys, ns;, 0, ngs, 0, 0} i.e. the line at infinity as shown previously.



Summary
The coordinates of a line given by two planes are related to those given by two points by

Tlot @ Moo & Tlos & Thiz : Tlay 2 Tlos = P23 & P3i & Piz & Pos & Poz & Poi (0)
The Placker condition for the pj to represent a line is

Poip2s + po2p31 + posprz =0 (B)

The condition for two lines to intersect is

Po1q23tpo2qzitposqiztpi2qostPsiqoztp23qor = 0 (©)
2
‘ 1
Y
3 : 0
Figure 1

The x-axis OX is the line joining vertices 3 and 0, which has all coordinates zero except pos, etc..
The line in a plane has those coordinates zero which contain the number of the opposite vertex.

The line meeting a vertex has those coordinates non-zero which contain the number for that vertex.
The line meeting an edge has one coordinate zero given by the numbers of the opposite (skew) edge.

A line meets the plane at infinity in the point

{-Pos ps1 -p23 0} (D)

The point X where a line meets a plane u; is

0 Por Po Poz || Uo
X = —Poi 0 P —DPullU
Py T Pp 0 Py || U,
—Py Px T Pxy 0 [|us

)




The plane U determined by a line and a point is

Two lines are skew-orthogonal if

A variable point on a line is

A variable plane in a line is:

A point lies on a line if

A plane contains a line if:

The point of intersection of two intersecting lines is

—{qy
Y
43

0

U=|"P»

401

4,

q31

Py
— P

P
0

P
Py

P31

Po3
0

—Por

P
—Po2
Py
0

Po3qosTP31q31tp23qes = 0

The plane common to two intersecting lines is

—qx
U
41

X; = {Apos », -Ap3i-Mpoi » Ap23-Mpo2 5 -MPos}

u; = {Ap12 , -Apo-1p23 » Apoi-Mpsi 5 -Mpi2}
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“Pr P “Pu 0 IRE
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—Pys Pn Py O |4
902 do3 || Pt PsitPp
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4y || P31~ Pzt Py
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423 43 iz || PutPutPoe
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403 o1 || TP~ Pt Py
e —49n “_P03+P31_P23I
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The line in the plane at infinity into which pj is projected from the origin is

{P12 -poz Por (S)
A line {u v w} in the plane at infinity has the Plicker coordinates

{w-vOu0O0} (T)

The flat pencil centred on x; in the plane u; is

?\uo(xl xz)—u {A +u, C| )
?\uo(x3 xl)—u{AJruzC
?\uo(xz—xS)—u {A+u1 C|

where A = Xoug,
B= u;tuxtus ,
C = X1+X2+X3 .

The plane {a b c d} meets the invariant planes
{1000} innm={bcd000} = {bcd} in coordinates referred to the invariant plane,
{0100} inn={a00-cd0} ={acd}

{0010} innm={0a0b0-d} ={abd}

and {0001} inn={00a0-bc}={abc}.

The perpendicular distance between a plane {a b ¢ d} and a point {xy z 1} is

ax+by+cz+d

2 2 2
Va +b +c

The axis of a null polarity nj is {ng ng, nes Ni2 -ny3 No3}.




Annex A

Pencil of Lines

We seek the pencil of lines pj in a plane u; with a point x; as centre in that plane (so Zx;u;=0).
We find the points A and B where u; meets the lines {1000 00} and {00 00 0 1} respectively, and then
the lines a; and bj joining x; to A and B respectively. Then the pencil is Aaj+b;;.

Using (I)
0 1 0 0fH" u,
A= -1 0 0 O 122 — —uo
0 0 0 Oflu, 0
0 0 0 O i 0
and
0 0 0 O0fH4o 0
B= 00 0 Ofu|_| O
00 0 1fu, U,
0 0 —1 0 uy| |4,
SO
a,-]={x0u0+x1ul, Xolby, XUy, —X Uy, X3Up, O}
b,-j:{O, —Xoly, XoUy, —X U, —X Uy x2u2+x3u3}

giving the pencil (using (A))

?\(xou0+ XU,
NX, U, —H X U,
Nxyu,+HUx U, (Al)
—ANX, Uy— KX, Uy

NXyuy—H XU,

M (x2u2+x3u3
1

If either {1 00000} or {00000 1} lies in the plane u; then either a; or b; will be singular, so another pair
of skew lines of the tetrahedron must be chosen instead.
The pencil basedon {0 10000} and {000 0 1 0} is similarly:

i 1
Nx Uy XUy
?\(x0u0+x2u2)
NXyUy— W XyU, (A2)

NX Uy— W X, Uy

u(xlul+x3u3)

—NXjUy— U X, U,
1 1



and thaton {00 1000} and {000 100} is

i 1
NX U= U XUy
Nx,us+p xyu,
?\(x0u0+x3u3) (A3)

u(xlu1+x2u2)

=\ X, Uy —H X u,

NX,Ug—HX5U,
1 1

Now three lines of a pencil may be added to give another line of that pencil, so we may add the A terms in
(A1) (A2) and (A3) to give a line which cannot be singular. That is because u; cannot contain all three of
{100000} {010000} and {00 100 0} because they meet in the vertex 0 of Figure 1 and so are not
coplanar. Similarly the |l terms may be added, giving us the pencil with no danger of singularity:

XU +x1(u1+u2+u3)} xo(u2 Usy
|—
J

{
[ K
?\kx u —l—xz(u]—l—u +u3) uxo(u3—u1
Al
[

xu+x(u+u+u)] ux( —u

0 2

(A4)

Nugy|x,— xz) x0u0+u3(x +x,+x,

>

)
|
0 )
=)l J
uo(x3 xl) u{xou +u2(x +x2+x3)}
| ] |

?\uo X,— x3) X u0+u1(x +x,+x,

where the identity Zx;u7=0 has been exploited to replace e.g. xu;+x2u, by -Xeuo-x3u; . We may then express
this as

=z
BN
+
=
=
=
=
=
=
(3]
<
w

(AS)

where A =Xxouo,
B= U1+Ll2+113 B
C = X1+X2+X3 .

If e.g. uy=0 and B=0 then the pencil degenerates to a single line. u; then contains the line {1 1 1 0 0 0}
joining the unit point {1 1 1 1} to {1 0 0 0}. Similarly if x,=C=0, x; then lying in the line of intersection of
the unit plane and {1 000} i.e. {000 1 1 1}. Since {0, x1, Xz, -X;-X2} does not lie in {0, u;, u,, -u;-u,} both
conditions cannot occur simultaneously, so (A5) is never singular (of course A and |4 must not both be zero).
Thus there is a pencil of planes in {1 1 1 0 0 0} for which (A5) is degenerate, and the line of points
{000111}.



